We study the accuracy of combined multiparameter measuring systems (CMPMSs) that determine several unknown quantities from measurements of a single variable at different preprogrammed conditions determined by control parameters. To reduce inaccuracies of determined quantities, we propose a mathematical method for selection of control parameters that are optimal for all possible values of determined quantities. Using the submultiplicativity of the spectral and Frobenius matrix norms, we construct the upper bound of the error function and determine the set of control parameters by minimizing this bound. To demonstrate the capability of our method for CMPMSs, we apply it to the polarized light microscopy technique called LC-PolScope, which is used for determining inhomogeneous two-dimensional fields of optical retardation and orientation of the slow optic axis in thin organic and inorganic samples. We compare the computed set of control parameters with other sets, including the one used in the PolScope, and demonstrate that our choice of control parameters works very well even though it does not take into account any specific features of the PolScope. We expect that our method will be successful in various CMPMSs, as it is applicable to any error distribution of the control parameters and measured values.
I. INTRODUCTION
e.g. [1] . Third, the computer can control and change measuring 36 conditions. In this case one can build a CMPMS, where 
where A i may be a scalar A i = a i or a k-dimensional vector * mkuian@kent.edu † reichel@math.kent.edu ‡ sshiyano@kent.edu A central problem of this paper is how to properly select 48 the control parameters A = {a ij }, i = 1, . . . ,n, j = 1, . . . ,k. 49 The accuracy of measured quantities is determined not only 50 by the accuracy of the measurements themselves, but also by 51 the accuracy of the settings of the control parameters. The 52 preprogrammed selection of the set of n × k values of the con-53 trol parameters A = [ A 1 , . . . ,A n ], where A i = [α i1 , . . . ,α ik ], 54 i = 1, . . . ,n, is complicated when the quantities are spatial 55 and/or temporal functions; thus an a priori selection should be 56 "optimal" for all possible values of .
57
In this paper we consider the class of CMPMSs that are 58 described by a separable measuring function,
59
(
where m j , v j , j = 1, . . . ,n, are smooth nonlinear functions. 60 We develop a mathematical method for selection of control 61 parameters in such CMPMSs that are optimal for all possible 62 values of determined quantities. Using the submultiplicativity 63 of the spectral and Frobenius matrix norms we construct the 64 upper bound of the error function as a product of two functions, 65 one of which depends only on control parameters and another 66 one depends only on unknown quantities. We determine the 67 set of control parameters by minimizing the former function. 68 To demonstrate the full capability of the proposed method 69 we were looking for an example of CMPMS with the fol-70 lowing features: (a) the measuring function (2) has a sim-71 ple dependence on several control parameters and unknown 72 quantities; (b) many sets of unknown quantities are determined 73 concurrently at the same values of control parameters; (c) the 74 measurement errors are dependent on both the control param-75 eters and unknown quantities, and thus cannot be minimized 76 
We establish the dependence of the unknown errors δ˜ of 119 the control parameters and the measurement errors using meth-120 ods of perturbation analysis [8] , applying first-order Taylor 
which transforms into an expression for the measurement error 130 vector:
We can scale the error vector δ = δ˜ by selecting the 132 numerical values of ii , i = 1,...,n, based on the "importance" 133 of determined values λ i ; however, as one can see below, the 134 proposed selection of the control parameters A does not depend 135 on . We measure the error vector with the Euclidian norm 136 (length) δ 2 = n i=1 δλ i 2 . From Eq. (7), the vector δ 137
consists of two terms, δ = δ M + δ B , where the error
is caused by errors in the setting of the control parameters, and 139
stems from measurement inaccuracies. Elements of the vectors 140 δ M and δ B are linear functions of, respectively, δα ij and 141 δb i , which we assume to be accidental errors, i.e., mutually 142 independent, random zero-mean quantities:
where E is the expectation operator and σ is the standard 144 deviation. With this assumption we obtain the following 145 equations:
where 
If we can assume that the absolute errors δα ij are identically
where
is the function that governs the minimization of E[ δ M where ε is a random variable,
is determined by the function 
is determined by the function
If the measurement errors δb i are proportional to b i , then 186 the error vector δb can be expressed as δb = b, where is a 187 diagonal matrix with identically distributed random elements 188 ii , σ
Using Eqs. (18), (20), (22), and (24), one can see that the 193 "optimal" choice of the control parameters that minimizes 194 the upper bound for the total error (11) can be found by 195 minimization of the weighted function,
where ξ and η are either a, see Eqs. (19) and (23) The intensity function (31) has separable form (2) 
In Eqs. (8) and (9), we choose the diagonal matrix = 288 diag[0,0,1,1] because we are not interested in values of I leak 289 and I in , and the "importance" of the dimensionless quantities 290 and φ is assumed to be equal.
291
The matrix the Poincaré sphere [12] :
On the Poincaré sphere, right and left circular polarizations values, the following set of control parameters was used: To study biological samples, e.g., living cells, when re-333 tardance values of the sample have mostly small values, 334 Shribak and Oldenbourg [3] proposed using the set of control 335 parameters:
We also examine a configuration on the Poincaré sphere 337 that is interesting from a symmetry point of view-the right 338 tetrahedron set: 
The normalized standard deviations Fig. 4 as functions of for
354
several fixed values of φ for the set A = A B .
355
We assume that the diagonal elements ii that de- Then from Eq. (13), we obtain the standard deviations for the 360 propagated errors δ B and δφ B ,
The normalized standard deviations σ (δ M )/σ and 362 σ (δφ M )/σ are shown in Fig. 5 Only in the case of small values of retardation , the functions 374 δ B and δφ B take the smallest values for the set A 11 , which 375 has been specially designed by Schribak and Oldenbourg to 376 study living cells and other objects with small retardance [4] . 377 Note that the proposed method works well despite the presence 378 of singularities at the points = 0 and = π . 
440

IV. CONCLUSIONS
441
In this paper we study the accuracy of CMPMSs to deter- respectively, the effects of the measurement errors and the 457 control parameters errors, (11) . Using submultiplicativity of 458 the spectral and Frobenius matrix norms, we represent these 459 two functions as products of factors that are dependent only on 460 control parameters and factors that are dependent on unknown 461 quantities. Substituting the factors that depend only on the 462 unknown quantities with a weighting coefficient, we construct 463 the effective error function (26), which is the upper bound of 464 the true error function (11) . We determine an optimal set of 465 control parameters by minimizing (26).
466
To demonstrate the capability of our method, we apply it 467 to the PolScope polarized light microscope. In the PolScope, 468 2D distributions of optical retardation and slow optic axis 469 orientation are determined from four measurements of the light 470 intensity coming through the optical scheme and controlled by 471 variable retarders. We have found that for the PolScope, our 472 method provides almost the same set of control parameters 473 both when minimizing the control parameter error and when 474 minimizing the measuring error, so the optimization of (26) 475 is essentially independent of the weighting coefficient. We 476 compare the computed optimal set of control parameters 477 with other sets including those used in the PolScope and 478 demonstrate that our computed set works very well for the 479 entire range of determined quantities.
480
The proposed method is applicable to any error distributions 481 of the control parameters and of the measured values, and can 482 be used for optimization of various CMPMSs, in particular, for 483 the latest "polarized light microscopy" techniques, Exicor and 484 Polaviz. 
